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We investigate the appearance of new types of insulators and superconductors in long-range fermionic quan-
tum systems. These phases are not included in the famous ”ten-fold way classification”, valid in the short-range
limit. This conclusion is obtained analyzing at first specific one-dimensional models, in particular their phase
diagrams and entanglement properties. The long-range phases are signaled, for instance, by the violation of the
area-law for the Von Neumann entropy and by a corresponding peculiar entanglement spectrum. Later on, the
origin of the deviations from the ten-fold way classification is investigated from a more general point of view
and in any dimension, showing that it is related with the presence of divergences occurring in the spectrum, due
to the long-range couplings. A satisfying characterization for the long-range phases can be achieved, at least
for one-dimensional quantum systems, as well as the definition of a nontrivial topology for them, resulting in
the presence of massive edge states, provided a careful evaluation of the long-range contributions. Our results
allows to infer, at least for one-dimensional models, the weakening of the bulk-boundary correspondence, due
to the important correlations between bulk and edges, and consequently to clarify the nature of the massive edge
states. The emergence of this peculiar edge structure is signaled again by the bulk entanglement spectrum. The
stability of the long-range phases against local disorder is also discussed, showing notably that this ingredient
can even strengthen the effect of the long-range couplings. Finally, we analyze the entanglement content of the
paradigmatic long-range Ising chain, inferring again important deviations from the short-range regime, as well
as the limitations of bulk-boundary (tensor-network based) approaches to classify long-range spin models.
I. INTRODUCTION
The study of topological phases of matter experienced a
growing interest in the last decades. In the absence of in-
teraction, a central result is the complete classification of the
topologically inequivalent (families of) phases for fermionic
systems, the famous ”ten-fold way classification” (TWC) [1–
6]. The systems included in this scheme host a ”symmetry-
protected topological order”, indeed their nontrivial topol-
ogy is constrained and protected by some discrete symme-
tries, oppositely to genuine topological order. This theoreti-
cal achievement have been confirmed and corroborated by the
experimental characterization of solid-state compounds with
topological properties [7–10].
In spite of an energy gap obstructing in general charge or spin
bulk conductivity, the main macroscopic property exhibited
by a nontrivial topological insulators and superconductors is
the presence of edge conductivity, due to massless modes lo-
calized therein and well distinct from bulk excitations. More-
over, phases with different topology are separated each others
by continuous transitions, where the bulk mass gap vanishes.
Concerning the entanglement properties, the matter included
in the ten-fold way classification displays short-range entan-
glement and correlations, the opposite situation holding again
for genuine topological order [11].
All the mentioned results are specific for quantum systems
described by Hamiltonians with short-range terms only. How-
ever, in the last years also the study of long-range classical
and quantum systems [12], both at and out of the equilibrium,
gained a renewed attention.
∗ correspondence at: llepori81@gmail.com
Independent theoretical studies have shown that long-range
quantum systems can exhibit various peculiar features, mostly
stemming from the breakdown of lattice locality [13–27].
This set includes static correlation functions with hybrid (ex-
ponential and algebraic) decay [28–31], anomalous growth
for the entanglement after quenches [32], new constraints on
thermalization [33] and on conductivity in NS/NSN junctions
[34].
Even more interestingly, very recent works [26, 28, 29, 35–43]
have suggested that long-range systems can host new phases
at sufficiently small values of the decay exponents α for the
Hamiltonian terms. These phases often manifest interesting
features not owned by the short-range ones, including con-
tinuous quantum phase transitions without mass gap closure,
violation of the area-law for the Von Neumann entropy and
of the Mermin-Wagner theorem, emergence of massive edge
states.
The occurrence of these properties, some of them also
checked in experiments of trapped ions [44, 45], opened var-
ious issues and problems. In [28, 37, 38] it has been inferred
that, for not interacting long-range lattice models, most of the
described peculiarities can be related with the action of some
states in the bulk spectrum, called ”singular states”, encoding
some divergences related with the algebraic decay of the long-
range couplings.
In spite of these important clues, the understanding of the
physical origin of the mentioned purely long-range phases,
as well as of their bulk and edge features, is still an open
problem. Closely related, it appears a central issue to classify
these phases, understanding how the ten-fold way classifica-
tion evolves in the presence of long-range Hamiltonian terms,
when also correlation functions have been found not exponen-
tially decaying any longer.
In the present paper we start to investigate this problem. Us-
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2ing first specific one-dimensional free fermionic examples and
later on performing a more general formal discussion (not lim-
ited to one-dimensional cases), we show that long-range insu-
lating or superconducting phases can emerge, in some cases
hosting massive edge states, when the bulk spectrum mani-
fests a particular sub-set of the mentioned singularities. The
appearance of the latter singularities parallels the area-law vi-
olation for the Von Neumann entropy, still in the presence of
a nonvanishing bulk mass gap, and a peculiar distribution for
entanglement spectrum.
We stress that, although our discussion exploits mainly super-
conducting models as specific examples, our results are not
limited to them, but concern also the strictly meant (topolog-
ical) insulators. Indeed that possible appearance of the men-
tioned singularities in the spectrum does not depend directly
on the superconducting or insulating nature of the bulk.
Due to the same singularities, the definition of topology must
be reconsidered ab initio, requiring a proper generalization of
the approaches valid in the short-range limit.
Finally, we infer, at least for one-dimensional systems, that
the so-called bulk-boundary correspondence, typical of the
short-range topological insulators and superconductors, gets
weakened in the long-range topological phases, as well as the
definition itself of localized edge state valid in the short-range
limit, due to the strong long-range correlations between the
edges and with the bulk dynamics. Indeed a nontrivial LR
topology still reflects in the presence of states localized on the
edges, but these states have a nonzero mass and consequently
a dynamics which is not separable from the one of the bulk
(in the sense that no modes localized on a single edge can be
defined from the bulk states), as happens instead in the short-
range limit.
Notably, some of the ideas and results achieved for one-
dimensional long-range quadratic systems can hold, under
specific restrictions, for higher-dimensional ones, as well as
for interacting and/or spin long-range models.
The paper is organized as follows. In Section II we recall
at first two specific examples of one-dimensional fermionic
long-range quantum systems, discussing their phase diagrams
and ground state properties, with more details for algebraic
long-range decay with exponent α < 1. Afterwards, starting
from the analysis of previous results, in Section II C we in-
fer that some gapped phases hosted by these systems do not
insert in the classification for the short-range topological in-
sulators and superconductors, but display a purely long-range
nature. This thesis is reinforced in Section III by the anal-
ysis of the entanglement spectrum for the ground states af-
ter a spatial bipartition. This analysis is one of the main re-
sults of the present manuscript, as well as the discussion of
its consequences, performed in Section VI. In Section IV we
investigate at a more formal level the generic inapplicability
of the TWC when long-range Hamiltonian terms are added,
reconsidering the classification of the maps from the Brillouin
zone induced by the Hamiltonian and nonlinear σ-model ap-
proaches to the TWC. Notably, this discussion is again not
limited to one-dimensional systems. In Section V we deal, in
part for the first time, with the classification, by Berry phase
and winding numbers, of the long-range phases encountered
in the previous Sections, as well as with the limitations and
open problems concerning these approaches. At then end, we
address the generalization of these methods to long-range free
fermionic models with different symmetries and dimensional-
ity. In Section VI we analyze at first the behaviour of the cor-
relation length in long-range systems. Later on, starting from
the latter discussion and from the results on the entanglement
spectrum, we infer the weakening of the bulk-boundary cor-
respondence in the long-range topological phases, clarifying
the nature of their massive edge states. This is another central
result of the present paper. In Section VII we discuss the sta-
bility of the long-range phases against local disorder, expected
to smear the effects of the long-range Hamiltonian terms. In
Section VIII we probe the possible extension of some results
obtained so far to other long-range models, spin-based and/or
interacting. For this task, we analyze the entanglement con-
tent of the paradigmatic long-range Ising model, finding again
peculiarities in the entanglement spectrum at small enough α.
Conclusions are finally presented in Section IX. Further de-
tails, mentioned in the main text but not immediately required
to understand it, are given in the Appendices A-D.
II. DISCUSSION OF PREVIOUS RESULTS
In this Section we recall at first some basic features of the
two long-range (LR) generalization of the short-range (SR)
Kitaev Hamiltonian [46]. Further material is given in Ap-
pendix A. Later on, analyzing the previous results about these
chains, we infer that their phases at α < 1 cannot be included
in the TWC for the SR topological insulators and supercon-
ductors [1–6].
A. The models
In [28, 37, 38] two quadratic quantum models involving
spinless fermions on a one-dimensional lattice have been stud-
ies extensively. The first one is characterized by a LR pairing:
Hlat = −w
L∑
j=1
(
a†jaj+1 + h.c.
)
− µ
L∑
j=1
(
nj − 1
2
)
+
+
∆
2
L∑
j=1
L−1∑
`=1
d−α`
(
ajaj+` + a
†
j+`a
†
j
)
.
(1)
For a closed chain, we define in Eq. (1) d` = ` (d` = L − `)
if ` < L/2 (` > L/2) and we choose anti-periodic boundary
conditions [28].
The spectrum λα(k) of the Hamiltonian in Eq. (1) displays
a critical line at µ = 1 for every α and a critical semi-line
µ = −1 for α > 1. Notably the energy of the quasiparti-
cles diverges in k = pi if α ≤ 1, while it displays, at every
finite α and at the same momentum, divergences in some k-
derivatives for λ(k) ([28, 37]). For these reasons the states
close to k = pi are called ”singular states” (and their dynam-
ics as ”singular dynamics”) [38]; as mentioned in the Intro-
3duction they have shown responsible of the deviations from
the SR behaviours, concerning for instance the phase content,
the decay of the static correlation functions, the breakdown
of conformal symmetry at criticality and the underlying vi-
olation of the lattice locality. The stability of these features
against finite-size effects, smearing the divergences of the sin-
gular states, is discussed in the Appendix B.
Importantly, at least for the closed chain, the ground state en-
ergy is still extensive also at α < 1, in spite of the singular
states, so that no Kac rescaling is required [12, 28].
For future purposes, it is convenient to report the tight-
binding matrix Hamiltonian corresponding to Eq. (1):
H(k) =
(−(w cos k − µ2 ) −i∆2 fα(k + pi)
i∆2 fα(k + pi) (w cos k − µ2 )
)
(2)
in the (momentum diagonal) space
(
ak, a
†
−k
)
. The function
fα(k) ≡
∑L−1
`=1 sin(k`)/d
α
` is singular at k = 0 in the ther-
modynamic limit, L→∞, encoding the mentioned singular-
ities from the LR character of the Hamiltonian.
The Hamiltonian in Eqs. (1) and (2) shares the same
symmetries of the SR Kitaev chain, that means, beyond the
unitary Z2 parity of the total fermionic number, the anti-
unitary charge conjugation and the time reversal symmetries.
This content in symmetries and the properties of the operators
realizing them formally locates the model in Eq. (1) in the
class BDI of the TWC [1–6].
Some generalizations of the Hamiltonian in Eq. (1), involv-
ing as well a LR hopping, can be also considered:
Hlat = −w
L∑
j=1
L−j∑
`=1
d−β`
(
a†jaj+` + h.c.
)
− µ
L∑
j=1
(
nj − 1
2
)
+
∆
2
L∑
j=1
L−j∑
`=1
d−α`
(
ajaj+` + a
†
j+`a
†
j
)
.
(3)
These models have been studied in [29, 40]. The structure
and the expression for the energy of the ground-states is very
similar to the ones for the Hamiltonian in Eq. (1), with the
difference in Eq. (2) that cos k → −gα(k + pi) (for β = α)
gα(k) ≡
∑
`
cos(k`)/dα` . (4)
Still divergences in the quasiparticle spectrum occur at k = pi
if α < 1 and also high-order ones at every finite α. However
these divergences display a central difference compared with
the ones from fα(k) in Eq. (2): indeed gα(−k) = gα(k),
while fα(−k) = −fα(k), affecting differently the singular
dynamics, as we will see in detail in Section IV. Again, the
Hamiltonian in Eq. (3) shares the same symmetries of the SR
Kitaev chain, then it belongs to the BDI class of the TWC.
B. The phase diagrams
Concerning the phase diagram of the Hamiltonian in Eq.
(1), in [28] it has been found that above the line α = 1 two
phases take place (at |µ| < 1 and |µ| > 1 respectively), con-
tinuously connected with the ordered and disordered phase of
the SR Kitaev chain. There the area-law Von Neumann en-
tropy after a bipartition is fulfilled, as common in SR gapped
systems [47] (although exceptions are known in peculiar ad
hoc constructed models, see e.g. [48]). This means in formu-
lae that
S(l→∞)→ a , (5)
where l characterizes the two parts of the chain with length l
and L− l (it also holds L→∞) and a is a constant.
At variance, below the line α = 1 two phases appear (at µ < 1
and µ > 1), signaled by a deviation from the area-law for the
Von Neumann entropy. In particular this deviation turns out
to be ruled by a logarithmic scaling law, as for SR quantum
systems at criticality [49, 50]. In this way, similarly to what
done in [28, 29, 31], the area law violation can be modeled as
follows
S(l) =
ceff
6
ln l . (6)
In Eq. (6) a value ceff 6= 0 signals the area-law violation. The
same violation has been demonstrated in [37] by an effective
theory close to the critical (semi-)lines µ = ±1.
The described phase diagram is shown, adapted from [28],
in the Appendix A.
A further striking feature of the zone below α = 1 is that
at µ < 1 massive states localized on the edges appear [28],
remnant of the Majorana (massless) edge modes present if
|µ| < 1 and α > 1 (in the SR limit they are proper of the
ordered phase for the SR Kitaev chain [46], for a review see
also [51]). Indeed in [29] an hybridization mechanism of the
Majorana modes, yielding the massive edge states, has been
conjectured, similar to the one occurring at finite sizes in the
SR limit [46]. The same mechanism has been finally proven
in the limit α→ 0 in [43].
Interestingly, the phases at α < 1 are not separated by any
mass gap closure, nor by any first-order transition (see the next
Section), from the ones at α > 1 [28]. However at least a LR
phase at µ < 1 and α < 1 is required by the finiteness of the
mass gap in the same range: if this phase were not present,
it could be possible to interpolate continuously between the
ordered and disordered phases at α > 1 and µ < 1 (see the
phase diagram recalled in the Appendix A).
Some discontinuities, suggesting phase transitions, around
α = 1 have been observed, e.g., in the Von Neumann en-
tropy at half chain and in the related mutual information, in
the Berry phase [39], in the fidelity susceptibility and in the
finite-size scaling behaviour of the multipartite entanglement
[52].
C. Deviations from TWC: clues from previous results
The phases at α < 1 for the fermionic Hamiltonian in Eq.
(1) cannot be included in the TWC for the SR topological
insulators and superconductors [1–6]. In favour of this thesis,
we identify some evidences, elaborating some results from
4previous works (mainly [29, 37, 39]):
i) the appearance of massive edge states [29, 39] in
itself already signals a breakdown of the TWC, where only
massless edge modes are expected. The origin of these modes
will be clarified in Section VI.
ii) the TWC does not consider continuous phase transitions
(especially between different topologies) without mass gap
closure, as in the present case approaching the line α = 1
(see [28] and the previous Section).
The possibility of a first-order phase transition seems ruled
out in our cases by the absence of divergences in the first
derivative in α of the extensive ground-state energy e0(α,L).
Similarly, a crossover is excluded by a recent investigation of
the fidelity susceptibility [52], as well as by basic considera-
tions about the ground-state structure of open chains: if α > 1
the vanishing mass of the Majorana edge modes at |µ| < 1 im-
plies the existence of two degenerate ground-states with dif-
ferent Z2 fermionic parity, while the nonzero edge mass at
α < 1 reflects in a unique ground state with even parity. The
described ground state structure deeply affects also the entan-
glement (spectrum) content, as will be discussed in Section
III.
The absence of a mass gap closure can be justified heuris-
tically by the large algebraically decaying tails of the static
correlation functions at small values of α, also in the presence
of a nonvanishing mass gap [28, 29, 37, 53].
iii) the TWC involves SR (exponentially decaying) correla-
tions and the fulfillment of the area-law for the Von Neumann
entropy between disconnected subsystems. However, for the
Hamiltonian in Eq. (1) below α = 1, where the quasiparticle
energy diverges, this law is violated, even if only logarithmi-
cally [28].
iv) the winding numbers w, characterizing the phases of the
Hamiltonian in Eq. (1) at every α at least above 1, can be
calculated directly following [54]:
w =
1
2pi
∫
BZ
dθk , θk = arcsin
[
fα(k)
λα(k)
]
. (7)
fα(k) and λα(k) defined in Section II.
The results are correctly found w = 0 and w = 1 at α > 1.
On the contrary, at µ < 1 a fake semi-integer winding number
w = 12 appears below α = 1, while w = − 12 is obtained at
µ > 1 [39]. In the latter phase no edge states if found, and
both the phases are characterized by a unique ground-state.
These results signal a clear inconsistence in the definition
of topology by the winding numbers valid in the SR limit,
since these numbers, when properly defined, can assume
only integer values [55, 56]. However, the mere emergence
of this inconsistence can be interpreted as a signal of TWC
deviation, related with the other LR features described above,
as we will detail in Sections IV and V.
Finally, a bit more subtle but very relevant argument is
given in [57].
A similar analysis can be performed for the Hamiltonians
in Eq. (3), having the same symmetries of Eq. (1). This
analysis leads to qualitatively equal conclusions as the ones
just above. Indeed in [29] for the case β = α at α . 1 again
an extended region has been found in the phase diagram
where massive edge states appear. Again this phase has a
single ground-state, paralleling the nonvanishing mass of
the edge states; however the same phase is not continuously
connected with the disordered phase of the SR Kitaev chain.
Summing up, the arguments given above yield a quite com-
pelling evidence that the phases at α < 1 on the Hamiltonians
in Eqs. (1) and (3) escape the TWC for SR fermionic systems.
III. DEVIATIONS FROM TWC: FURTHER EVIDENCES
FROM ENTANGLEMENT SPECTRUM
The violation of the area-law for the Von Neumann entropy
in gapped regimes at α < 1, suggesting the appearance of
new purely LR phases, induces a deeper study of the entan-
glement content in the same regimes. For this reason, in the
present Section we analyze, for the first time to our knowl-
edge, the entanglement spectrum (ES) for the non-critical LR
paired Kitaev chain, Eq. (1). This study, which is one of the
main results of the present paper, will help us to determine in
deeper detail the structure of the phases at α < 1, corroborat-
ing their purely LR nature and linking together their peculiar
properties.
The ES is defined in general as the set of (Schmidt)-
eigenvalues of the reduced density matrix ρB of a partB of the
considered quantum system after a bipartition (see e.g. [58]).
It is known that ES is encoding even more information than
the Von Neumann entropy [59–62] and it can be calculated
following the techniques described in [58].
We assume in particular an open chain with total length L and
bipartite it in such a way to isolate a segment of it, say be-
tween L/4 and 3L/4.
We find that, below α = 1 and in the gapped regime µ 6= 1,
in correspondence with the violation of area-law for the Von
Neumann entropy, the ES resembles the typical one of a SR
model at a critical point, assuming indeed a nearly continu-
ous distribution (see [60, 63] and references therein). In the
light of this behaviour, it deserves future effort to probe if this
distribution is reproduced by the law found for critical one-
dimensional SR systems reported in [63]. There the relevant
parameter appearing in the distribution law is the conformal
charge c, while in our case the same role should be played by
the effective parameter ceff governing the area law violation
for the Von Neumann entropy, according to Eq. (6).
More importantly, the degeneracies of the Schmidt eigenval-
ues are found to be different from the ones generally expected
for gapped SR systems with same symmetries, as we will see
in what follows, signaling the appearance of pure LR phases.
The explicit results are shown in Fig. 1. There it can be
5seen that for α & 1 the Schmidt eigenvalues ωn (n labelling
them starting from the highest one) composing the ES are
arranged in well-separated multiplets. In particular when
|µ| < 1 (left panel, showing the case µ = −0.5 and α = 3),
the dimension of the multiplets is even, as implied by the
presence of two degenerate vacua (in the thermodynamic
limit) |GS〉 and |GS〉0 with different Z2 fermionic parity, as
recalled in the Appendix A (see also [61, 62, 64]).
Conversely, approaching the line α = 1, the same multi-
plets tend to assume a continuous distribution whose decay
becomes much slower. Even more interestingly, also when
|µ| < 1 the even parity of the multiplets disappears, parallel-
ing the presence of a unique (Z2-even) ground state |GS〉.
The absence of constraints on the parity of the Schmidt
1
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FIG. 1. Entanglement spectrum for the open LR paired chain in
Eq. (1) with µ = −0.5, different L, and for α = 3 (left panel)
and α = 0.5 (right panel).
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FIG. 2. Dependence on α of the difference ∆ω between the two
highest Schmidt eigenvalues (Schmidt gap) for the open LR paired
chain in Eq. (1), different values of µ and L = 512. Notice that
∆ω = 0 if α & 1 and |µ| < 1, as expected in the SR limit.
multiplets is also shown in Fig. 2, where the behaviour of
the difference between the two highest Schmidt eigenvalues,
called ”Schmidt gap” [60], is reported for different values of
µ and L = 512. We see that, approximately below α = 1,
this quantity becomes nonvanishing for every µ.
In order to exclude that the nonzero values for the Schmidt
gap below α = 1 found in Fig. 2 are due to finite-size
corrections, we show in Fig. 3 a finite-size scaling of the most
unfavourable case in the former Figure (µ = 0.5), done with
the data for chains with lengths from L = 60 to L = 512.
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FIG. 3. Finite-size scaling of the Schmidt gap at µ = α = 0.5
(purple line in Fig. 2). The fitted value ∆ω ≈ 0.05 strongly deviates
from the much smaller values found at α > 1 and the same µ (see
the main text). We used a polynomial fit up to the fourth power in 1
L
.
This scaling yields at α = 0.5 a value ∆ω ≈ 0.05 for the
Schmidt gap, notably not far from the value at L = 60; this
fact indicates the limited role of the finite-size effects for the
∆ω. Notice finally that ∆ω ≈ 0.05 is much bigger than the
value at α = 2, where we obtain ∆ω < 10−5.
The differences in the distributions of the ES in the range
|µ| < 1 and on the two sides of the line α = 1 confirms the
appearance of purely LR phases below this threshold. Even
more interestingly, the present results stress once more the
deep difference between the latter phases and the SR ones.
Indeed it is known [64, 65] that, no matter the presence or the
absence of interaction, only two phases (ordered and disor-
dered) can be realized on a single SR Kitaev chain [57]. The
disordered phase of this model, having a single ground-state
|GS〉, displays no constraint on the number of Schmidt eigen-
values in each multiplet, so that multiplets with odd numbers
of eigenvalues are also present. In particular, the minimum
degeneracy for a multiplet is 1. On the contrary, the ordered
phase is characterized by even Schmidt multiplets. In particu-
lar, the minimum degeneracy for a multiplet is 2.
The described SR picture is not realized instead in the LR
phases at α < 1. Indeed these phases display also single de-
generacies in the Schmidt multiplets but, as inferred in Sec-
tions II C and V, they are disconnected from the disordered
phase of the SR Kitaev chain.
This peculiar behaviour for the ES parallels the violation of
the area-law and the appearance of massive edge states (when
µ < 1), as we will discuss in more detail in Section VI,
where formal reasons for the inapplicability of the arguments
reported in [64] is also analyzed.
IV. FORMAL ORIGIN OF THE DEVIATIONS FROM TWC
In this Section we investigate, at a more formal level, the
origin of deviations from the TWC that can occur in LR quan-
tum systems, analyzing the hypothesis at the bottom of the
TWC and their possible inapplicability in the presence of LR
Hamiltonian terms. The same analysis suggests that in general
only some singularities in the energy spectrum can induce LR
6phases, while others preserve the SR phase content and in gen-
eral the TWC.
We remember that, even if we are still dealing with super-
conducting phases, the main results of our discussion are not
restricted to this set of systems. Moreover no limitations are
implied on the dimensionality of the considered LR quadratic
fermionic models.
A key to understand the TWC in any dimension is based
on the classification of the topologically inequivalent contin-
uous maps from the space of the lattice momenta k ∈ [0, 2pi)
(assumed to be a good quantum number, due to translational
invariance in periodic systems) [66], to a suitable grassma-
nian manifold F , induced by the matrix Hamiltonian H(k)
([1–6], [9] and references therein). These maps are defined
univocally by some (sets of) integer numbers, generally called
winding numbers. In general F has the form of a coset space
G/H, being G and H some groups. In the absence of fur-
ther symmetries, these manifolds are strongly constrained by
the discrete anti-unitary charge-conjugation and time-reversal
symmetries.
For instance, in the particular case of spinless superconduc-
tors, as for the generalized Kitaev chains in Eqs. (1) and (3), it
is useful to classify the windings of the unit vectors nˆk = nk|nk|
such that H(k) can be written as H(k) = |nk| nˆk · ~σ, where
σi are the Pauli matrices (see [54] for their differential expres-
sions in the one-dimensional D/BDI classes).
However, as discussed in the previous Sections, in the pres-
ence of LR Hamiltonian terms in real space, singularities for
H(k) and for its spectrum λ(k) can occur. The behaviour of
these divergences, say at a momentum k0, strongly affects the
definition of the winding numbers w (defined for the one di-
mensional case in Section II C) and the possible emergence of
the LR phases. Indeed if H(k0 + ) ( being a infinitesimal
quantity defining an open set around k0) does not depend ex-
plicitly on  (in one dimension if H(k0 + ) = H(k0 − )
)
,
the singularities at k0 do not really spoil this definition (in
the particular case above they are regularized dividing H(k)
by |nk|: H˜(k) ≡ H(k)|nk|
)
, as well as of the related winding
numbers. This is the case for gα(k) in Eq. (4). In the fol-
lowing we will quote these divergencies as first type diver-
gences/singularities. This set also includes, as a special case,
the situation where only (say) H(k0 + ) diverges as  → 0,
while H(k0− ) tends to a finite value; an explicit example of
this situation has been proposed recently in [67].
On the contrary, when H(k0 + ) depends explicitly on  (in
one dimension if H(k0 + ) 6= H(k0 − )
)
, the path in the
H(k) manifold experiences not re-absorbable discontinuities.
For this reason, the winding numbers of H(k) that can define
and classify the topology of the SR phases in every class of
the TWC are now ill defined [68]. In this condition the TWC
can generally fail and new (LR) phases can occur. In the fol-
lowing we will quote these divergencies as second type diver-
gences/singularities. The different played by the two types of
divergencies will be probed explicitly in Section V.
Notably in [37], using an effective theory close to the criti-
cal lines (where conformal invariance is explicitly broken), it
has been shown explicitly for the model in Eq. (1) that diver-
gences in H(k) of the second type induce directly the viola-
tion of the area-law for the Von Neumann entropy. The same
holds also for the phase transition at α = 1 [52]. Based on the
discussion above, we are lead to think that this parallelisms
holds generally in gapped LR fermionic systems.
Recently some attempts to define a topology for some LR
fermionic systems appeared [39], exploiting the differential
invariants in [54]. For the system in Eq. (1) these attempts
led to mathematically inconsistent results for α < 1: indeed
semi-integer winding numbers have been obtained in this con-
dition, in spite of the fact that, being measured on closed d-
dimensional loops, winding numbers should assume only in-
teger values [55, 56]. In this way the topology defined in
terms of these winding numbers is mathematically not even
well defined, as well as a connection between these numbers,
calculated in the bulk, and possible edge excitations (see more
details in SectionS V and VI). However, in the light of our dis-
cussion, the mere appearance of winding numbers with fake
semi-integer numbers (the same numbers instead well defined
with integer values in the SR limit) can be interpreted as a
clear physical diagnostic of new LR phases beyond TWC.
This point will be discussed in better detail in Section V.
The analysis above suggests that no new phase is expected
in the presence of other singularities in higher-order deriva-
tives of the spectrum λ(k), as for the Hamiltonians in Eqs.
(1) and Eqs. (3) in k = pi at every finite α > 1 (on the
contrary, the same singularities has been found responsible
of other LR effects, as explained in the previous Sections).
In this way, a particular care is required for evaluating the
regime 1 < α < 32 for the Hamiltonian in Eq. (1) (αc =
3
2
being the critical value for α where the group velocity for the
Bogoliubov quasiparticles diverges if µ 6= 1), suspected in
[39] to have LR nature: massive edge states and fractional
winding numbers. For more details, see Sections V, VI A and
VI.
We discussed above that in the SR limit topology can be
encoded in some (sets of) windings number(s) induced by the
mapping k → H(k) itself [3, 5]. Exploiting a non-linear σ-
model description of these grassmanian manifolds, in the past
literature the TWC has been obtain directly [1–3, 5]. Indeed
F is strongly constrained by the (anti-unitary) symmetries of
the system under consideration, setting its topology class. Re-
markably, the same approach implicitly addresses the stability
of the phases of the SR topological insulators and supercon-
ductors against the introduction of a onsite disorder; indeed
the latter ingredient is explicitly assumed and encoded.
In the presence of LR singularities in H(k), we can show
that the non-linear σ-model construction, which leads to the
TWC, cannot be performed, at least in the way derived fol-
lowing the standard approach [69–74], recalled in the Ap-
pendix C (where the proof of the inapplicability of the stan-
dard construction is provided for the first time). More in de-
tail, the same approach generally yields a low-energy effective
euclidean action whose kinetic part has the following form:
Sσ[Q] ∼ C Tr(∇Q∇Q) , (8)
being Q an effective matrix field and C a constant. However,
7as shown in the Appendix C, the latter constant turns to be
divergent in the LR phases, testifying the inapplicability of
the σ-model construction, valid instead in the SR limit.
We finally comment that in LR systems the effect of disor-
der could be expected to be more dramatic than in SR models,
spoiling the divergences in the energy spectrum that originate
the LR phases and all the other LR peculiarities, however this
possibility will be ruled out in Section VII.
V. TOWARDS A BULK CLASSIFICATION OF LR PHASES
In this Section we deal with the problem of classifying the
purely LR phases of quadratic fermionic Hamiltonians, also
defining a nontrivial topology for them. We perform the dis-
cussion for one-dimensional systems at first.
We discussed in Section IV that winding numbers for the
matrix Hamiltonians H(k) are apparently not useful, being ill
defined in the LR phases. The reason for that inapplicabil-
ity lies on the discontinuities encountered in the path on the
H(k) manifold as k varies in the Brillouin zone, e.g. in the
correspondence of second type divergences (say at k0), where
H(k0 + ) 6= H(k0 − ).
Another approach, still connected with the first one and also
valid in the SR limit, is to consider the Berry phase [75]
Φ = i
∫
BZ
dk 〈uk|∂kuk〉 , (9)
gathered again as k varies along the Brillouin zone. The vec-
tor |uk〉 is an eigenvector of H(k) and the integral extends on
the Brillouin zone. The same approach has been exploited in
[39] for the particular Hamiltonian in Eq. (1).
For sake of generalization and in order to identify ambiguity
problems in the definition of a nontrivial LR topology, it is
useful to discuss here the main step of the calculation for the
models in Eqs. (1) and (3), both in the SR limit and in the LR
one. In both of the regimes the same calculation proceeds in a
very similar way.
We notice at first that, since 〈uk|uk〉 = 1, we have that, if we
fix |uk〉 real, 〈uk|∂kuk〉 = 0, unless |uk〉 and/or |∂kuk〉 are
singular. In all the cases considered in the present paper |uk〉
are well defined (finite), as well as the Bogoliubov transfor-
mations leading to them [28, 37], while the second possibility
can be realized, being |uk〉 discontinuous. This fact holds in
the correspondence of second type singularities (say again at
k0):
|uk〉 = |v1 k〉+ θ(k − k0)|v2 k〉 , (10)
or, equivalently,
|uk〉 = Mk0(k) |vk〉 =
(
I+ θ(k − k0)N(k)
) |vk〉 , (11)
being Mk0(k) and N(k) suitable matrices. Notice that N(k)
is continuous through k0: N(k0 + ) = N(k0 − ) ≡ N(k0),
moreover we have continuity in k0 for the energy λ(k) of |uk〉:
λ(k0 + ) = λ(k0 − ) = λ(k0). The latter fact is central to
assure the Berry phase to be well defined.
The matrix Mk0(k) transforms locally H(k) where the singu-
lar point k0 is encountered:
H(k0 + ) = Mk0(k0 + )H(k0 − )M−1k0 (k0 + ) (12)
so to assure that
λ(k) = 〈uk|H(k)|uk〉 (13)
varies continuously passing through k0. We stress that, in
spite of the matrix M(k), the nature of the Berry phase Φ
is purely abelian in all the cases analyzed in this paper, since
no degeneracy for the ground state occurs.
It is straightforward to show that, passing through k0 from
below, a Berry phase
Φk0 = −
pi
4
〈vk0 |M(k0)−1 ∂kM(k)|k0 |vk0〉 (14)
is gathered. This expression can be easily evaluated writing
θ(k − k0) = 12
(
1 + sign(k − k0)
)
and using the complex
expression for the derivative of the sign(k) function:
∂ sign(k)
∂k
= i pi δ(k) sign(k) . (15)
Importantly, the calculation scheme described above works
completely equivalent for the discontinuities occurring in SR
systems and for the LR ones from the second type singulari-
ties. Exploiting the same scheme, it is easy to show that:
• for the Hamiltonian in Eq. (1) (α < ∞, β = ∞),
|uk〉 = (cos θk, sin θk), with
θk = −1
2
arctan
(
fα(k)
(µ+ w gβ=∞(k))
)
, (16)
and g∞(k) = cos k. Two discontinuities in sin θk in
|uk〉 arise
(
at k1,2(α)
)
if |µ| < 1 and for every α, be-
cause there the diagonal terms in Eq. (2) change sign.
Passing through each of them from below, a pi2 phase
is gathered. Indeed if α > 1 they give rise to the total
Berry phase Φ = pi proper of the phase with massless
edge modes. In these cases the matrixM(k) in Eq. (11)
around k1,2(α) reads: M(k) =
(
I+θ(k−pi)(σx−I)
)
.
Another discontinuity in sin θk appears if α < 1, be-
cause of a second type singularity at k = pi, responsible
of the outcome of LR phases. More in detail, this is due
to the behaviour of fα(k + pi): limk→pi+ f(k + pi) =
+∞, and limk→pi− f(k+pi) = −∞. We find that, pass-
ing through k = pi from below, a pi2 phase is gathered
if µ > 1, while a −pi2 phase is gathered if µ < 1. In
these cases the matrix M(k) in Eq. (11) reads, around
k = pi, M(k) = sign(µ− 1) diag(1, sign(pi − k)), the
same found in [39].
Collecting all these partial results, it is found that Φ = 0
if |µ| > 1 and Φ = pi if |µ| < 1 when α > 1, while at
α < 1 we obtain Φ = −pi2 = 3pi2 if µ < 1 and Φ = pi2 if
µ > 1.
8These findings show the presence of two purely LR
phases at α < 1 disconnected from the SR ones (hav-
ing different values of Φ), as described in the Section
II. Moreover, they indicate a nontrivial topology for (at
least) one of them, see more detail in the following of
the Section.
• for the Hamiltonian in Eq. (3) with α =∞ and β <∞
(LR hopping, SR pairing), exploiting the expression for
θk in Eq. (16), only phases with Φ = 0 and Φ = pi are
found, also at α < 1. Correspondingly, a qualitatively
equal situation as for the Hamiltonian in Eq. (1) at α >
1 takes place: massless edge modes are found if Φ = pi,
while no edge mode at all if Φ = 0. These results match
our expectation that first type singularities, as for gβ(k)
(f∞(k) = sin k is regular), do not induce alone LR
phases. Indeed these singularities yield M(k) = I.
• for the Hamiltonian in Eq. (3) with both finite α and β,
we obtain:
a) if α < β, below α = 1 we find, as µ varies, zones
with Φ = pi2 and Φ =
3pi
2 , as for the case α < ∞
and β = ∞ (Hamiltonian in Eq. (1)). In particular, at
fixed α the second zone occurs at smaller µ compared
with the first one. Correspondingly, the same content
of massive edge states is found. The quantization of
the Berry phase, required to assure topological stability,
will be discuss at the end of the present Section;
b) if α > β, below α = 1 we find, as µ varies, zones
with Φ = pi and Φ = 0, as for the Hamiltonian in Eq.
(3) with LR hopping only. Indeed here the contribu-
tion of the (first and second type) singularities at k = pi
from gβ(k + pi) and fα(k + pi) effectively cancel each
other. At fixed α, the first zone occurs again at smaller
µ compared with the second one. If Φ = pi massless
edge modes are found, while no edge mode at all when
Φ = 0.
c) if α = β, at α < 1 we find, as µ
varies, zones with α dependent Berry phases: Φ =
−piK(α)2 and Φ = pi
(
1 − K(α)2
)
, with K(α) =
− sin
(
1
2 arctan
1
tan(pi2 α)
)
. Again at fixed α, the sec-
ond zone occurs at smaller µ compared to the first one,
in this regime massive edge states have been previously
found, for the first time [29]. The contribution∝ K(α),
due to the second type singularity, vanishes at α = 1,
as expected, while it tends to − pi√
2
at α = 0 (then the
same values for Φ as in the first example above are re-
covered). Strikingly, the quantity Φ varies continuously
in the range 0 ≤ α ≤ 1, so that apparently it cannot be
assumed a priori as an order parameter to distinguish
SR and LR phases (while it appears effective to dis-
criminate between the LR phases) and to assure their
topological stability against perturbations. However, a
way to remove this problem will be discussed close to
the end of the present Section. Moreover, the presence
of these phases can be proven also by the ground-state
degeneracy arguments in Section II B.
We notice that, as resulting from the discussed examples,
differently from the SR systems, for LR ones the appearance
of a nonzero Berry phases, does not imply the presence of
edge states in general. For instance, in the first example (LR
pairing only), in the regime µ > 1 a phase Φ = pi2 is derived,
which however does not correspond to the presence of mas-
sive edge states, in spite of the fact that this value is different
from Φ = 0, the proper value in the absence of edges modes
(as the empty space beyond the edges themselves). The dif-
ference stems from the second type divergence at k = pi; this
contribution is present for all the LR phases at every µ, indeed
is exactly the one discriminating SR and LR phases.
The latter example indicates the necessity for a more specific
criterium to link the Berry phase Φ with the possible presence
of edge states and with their properties in LR phases. From all
the analyzed examples, we are led to think that, given a certain
model having different LR phases with Berry phases {Φi},
edge states occur whenever Φ˜i = Φi − ΦM 6= 0, where ΦM
is the common contribution present in all the LR phases, not
quantized in general (as exemplified in the case c) above), and
only discriminating them from the SR phases (indeed derives
directly from the second type singularities in the quasiparticle
spectrum). Then ΦM defines the trivial LR topology. Conse-
quently, the quantized quantity Φ˜ 6= 0 defines instead the non-
trivial LR topology, related with the massive edge states. Af-
ter (and only after) that the LR contribute ΦM has been prop-
erly identified, the described subtraction procedure amounts
to avoid the LR singularities in the calculation of the Berry
phase accordingly to Eq. (9).
The Berry phase approach, with the caveats discussed
above, looks suitable for extension to classify LR phases
of (at least) one-dimensional Hamiltonians with different
symmetry content from the BDI class examined in the present
paper.
The same ambiguity encountered for the Berry phase is
found in the attempt to define a LR topology by the wind-
ing number w, defined as in Section II C. The two approaches
are linked together by a classical result by Berry [75]: for the
particular case of a 2 × 2 real matrix Hamiltonian, as in Eq.
(2), it holds
Φ = pi w . (17)
The mentioned ambiguity is due again to the primary diffi-
culty of identifying the trivial LR topology. For instance, both
for the Kitaev Hamiltonian with LR pairing only and for the
Hamiltonian with also LR hopping, the path of the vector nk
(defined in Section IV) in the two LR phases, as k changes
from 0 to 2pi, is a semi-circle around the origin (0, 0), which
is closed by a jump between the two ending points of the semi-
circle, a direct consequence of the LR divergences. Notably,
the closed paths (considering also the jumps) in the two phases
differ by an entire circle, as noticed in [39]. This fact allows
us to conclude that the two phases have different topologies
(∆w = |w1 − w2| = 1, indeed w counts the number, also not
integer in the LR regime, of closed loops around the origin)
and to suspect the appearance of massive edge states in one of
them.
9In order to discriminate between the LR phase with trivial
topology from other ones with nontrivial topology and mas-
sive edge states we can use the relation in Eq. (17), leading
back to the same discussion for the Berry phase: identified
as trivial the quantum LR phase having ΦM and winding w1
(generally not integer), the LR topological phases are charac-
terized by the integer numbers ∆w and by the related phases
Φ˜ = Φ− ΦM = pi∆w . (18)
Finally, Eq. (18) ensures the quantization of the Berry phase
also in the LR regime and its consequent stability to perturba-
tions.
In conclusion, the discussion of this Section suggests that
the Berry phase and the generalized winding number can be
still useful to define a nontrivial topology in LR quantum sys-
tems, resulting in the presence of massive edge states, pro-
vided the proper primary identification of the trivial topology.
This possibility should be valid also for LR quantum systems
with higher dimensionality (for a review on the same methods
applied to general SR topological insulators see for instance
[9] and references therein), indeed no additional obstructions
seem to appear in these conditions. The evaluation of the two
approaches on specific higher dimensional cases (an issue also
involving the problem of defining LR topological numbers en-
tirely in terms of local quantities/currents neglecting path dis-
continuities) deserves deep future attention in our opinion.
VI. PARTIAL FAILURE OF EDGE CHARACTERIZATION:
WEAKENING OF BULK-BOUNDARY CORRESPONDENCE
In Sections II and III we explained that the distribution of
the ES in the LR phases of the Hamiltonian in Eq. (1) below
α = 1 does not insert in the SR classification scheme derived
in [64] for the one-dimensional BDI symmetry class.
In this Section we investigate at a more formal level the origin
of this deviation. This analysis will yield further information
on other LR peculiarities, for instance the nature of the mas-
sive edge states, their link with the bulk excitations and the
asymptotic behaviour of correlation functions. Moreover the
same analysis will appear suitable for almost straightforward
extensions to other one-dimensional symmetry classes.
A. On the behaviour of the LR correlation length
The discussions of the previous Sections require further in-
vestigations on the definition of the correlation length ξ in LR
systems.
In gapped SR systems the correlation length can be defined
in various ways. The most common one is by the asymptoti-
cal exponential decay of the two-points correlation functions.
Let us take a field φ(x) of a generic model, the correlation
function we will consider is the following
C(x) = 〈GS|φ(x)φ(0)|GS〉x→∞ ∼ e− xξ . (19)
This quantity is expected, instead, to diverge at the continu-
ous critical points, where the correlation functions decay al-
gebraically. Moreover, at criticality, violation of the area-law
for the Von Neumann entropy occurs [49, 50], a fact which is
at the base of the scaling hypothesis and of the effective RG
description for critical phenomena (see e.g. [76]).
For a (1 + 1)-dimensional SR quantum system, a second
definition for ξ can be given close to (but not exactly at) the a
critical point, by the asymptotic scaling of the Von Neumann
entropy. Given l the length of a subsystem, the entropy goes
S(l) ∼ c
6
ln ξ as l→∞ , (20)
c denoting again the central charge describing the critical
point and S(l) being defined as in Section II B [50]. This law
is similar to the one in Eq. (6). Equation (20) implies that the
Von Neumann entropy saturates for large l, to a finite value,
function of ξ. Importantly the latter definition only relies on
the existence of a critical point, described by a conformal the-
ory. For this reason, although the two definitions for ξ in Eqs.
(19) and (20) match each others for SR systems (up to con-
stants of order 1), the second one appears more suitable for
generalizations to LR models, at least until conformal invari-
ance is preserved.
Applying the first definition for ξ in Eq. (19) to the LR Ki-
taev chains (as well as to the notable examples in [29–31]),
the hybrid decay for correlation functions mentioned in the
Introduction yields, at every finite α, an infinite correlation
length, ξ → ∞. However, this result does not match the fact
that these systems display, up to critical (model dependent) α,
both a saturation of the Von Neumann and conformal points,
such that Eq. (20) is valid and ξ is expected to be finite. More-
over, in the particular cases of LR Kitaev chains in Section II,
if 1 < α < ∞, the realized phases are continuously con-
nected with the ones in the SR limit, so that a divergence of ξ,
according to the definition in Eq. (19), looks definitively odd.
For these reasons, a unique definition ξ for LR systems ap-
pears an open issue. At least for the models that we are an-
alyzing, a partial help comes from the two points correlation
functions g1(R) ≡ 〈a†Ra0〉 and g(anom)1 (R) ≡ 〈a†Ra†0〉. Indeed
their hybrid decay at finite α is characterized by a typical dis-
tance R∗, increasing with α, and separating the exponential
and the algebraic decay regimes, at short and large separa-
tions respectively [28–31]. In particular, the exponential part
becomes practically absent at α . 1, so that the algebraic tail
strongly dominates.
In the light of this behaviour, in the large α limit (where
Eq. (20) holds and the algebraic part of the correlations also
begins at very large separations and with very small magni-
tudes), a typical length for correlations can be still defined by
the exponential decay close to R∗ →∞.
On the contrary, in the regime α . 1, where the exponentially
decaying part is negligible, a characteristic length is not avail-
able any longer. In this regime the system effectively behaves
like a SR system at criticality, as one can understand from at
the area law violation for the Von Neumann entropy and from
the continuous distribution for the ES, described in Section
III. The parallelism for the latter quantities is also someway
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justified by the fact that if α < 1 the correlation functions
g1(R) and g
(anom)
1 (R), which determine alone the ES and the
Von Neumann entropy in quadratic fermionic models [58], de-
cay algebraically with an exponent γ < 1 always [28, 29, 37],
as for the critical SR quadratic Hamiltonians in one dimension
(see [77] and references therein).
This analogy naturally leads us to conjecture that ξ effectively
diverges for α . 1. In the next Section we will check that
this hypothesis is able to explain the emergence and various
properties of the LR phases. We leave as open and important
issues the probe on other models and the rigorous justification
of this hypothesis, as well as a definition for ξ in the regime
α & 1.
B. Inapplicability of the edge operators approach for the ES
In this Section we analyze how the ES characterization for
the one-dimensional BDI symmetry class discussed in [64]
can be not applicable in the presence of LR Hamiltonian
terms.
In that paper the discussion is based on the analysis of
certain edge operators QR/L, able to induce the bulk trans-
formations belonging to the invariance group of the consid-
ered Hamiltonian, at least involving the states with highest
Schmidt eigenvalues (then more likely after a bipartition). In
this way, the (anti)-commutation relations between the oper-
ators QR/L and with the generators of the symmetries of the
Hamiltonian are able to constrain entirely the ES, classifying
without ambiguities the SR fermionic phases. The properties
of the edge operators reflect the ones owned by the edges, in
particular due to the possible presence of localized modes on
them. For one-dimensional quantum systems, both fermionic
and bosonic (as spin models, analyzed in [78]), this construc-
tion formalizes the so called bulk-boundary correspondence
conjecture.
The demonstration of these results starts, in [64], showing
first that local operations performed asymptotically far from
the edges cannot change the (highest part of the) entanglement
content of the considered system.
A crucial property exploited at this first step is the cluster
decomposition for correlation functions. It is expected there-
fore that fermionic systems violating the cluster decomposi-
tion can display important deviations from the classification
scheme in [64]. However, this property is preserved for the
Bogoliubov ground-state of the LR Kitaev chains in Eqs. (1)
and (3) [28, 29, 37, 79].
The second step of the discussion in [64] is the explicit con-
struction of the boundary operators, relying on a MPS-like
approach (valid for both fermionic and spin models). This
construction is valid again for the highest Schmidt eigenstates
and it requires the finiteness of the correlation length ξ. In
particular the error in the implementation of the Hamiltonian
symmetry transformations on these states by operators involv-
ing l sites from the edges scales as ∼ e− lξ .
However, for our models, within the LR phases, ξ appears ef-
fectively divergent, as explained in Section VI A. Moreover,
related with the divergence of ξ and as required implicitly
by the MPS-like approach used in [64], the fulfillment of the
area-law for the Von Neumann entropy in gapped regimes re-
sults a necessary condition for the validity of the edge op-
erators construction: this ingredient is again not present for
α < 1 in the LR systems studied in the present paper. Notably
a logarithmic violation of the area-law in a gapped regime is
already sufficient to determine important deviations from the
SR picture, but even more dramatic deviations are expected
in LR systems where the area-law is substituted by an al-
most volume-law, a situation described for instance in [41]
and which deserves an further investigation in our opinion.
Finally, we comment that from the previous discussion it
appears that the loss of validity of the cluster decomposition
property implies the area-law violation; the opposite implica-
tion, instead, is not true in general (as also exemplified by the
SR critical systems): the area-law violation seems to indicate
the loss of validity of the cluster decomposition in its expo-
nential form only [80].
C. Nature of the massive edge states and weakened
bulk-boundary correspondence
The analysis of the last Subsection can help to shed light on
the nature of the massive edge states found for the LR Hamil-
tonians in Eqs. (1) and (3) [28, 29, 40].
Indeed the inapplicability of the discussion in [64], based on
the action of the edge operators QR/L, suggests that, oppo-
sitely to the SR limit, the purely LR phases cannot be char-
acterized entirely by their edge structure. Indeed symmetry
operations on a bulk state cannot be represented faithfully by
operations near the two edges. For the same reason, a certain
bulk structure, for instance related to the ES, does not reflect
directly in the properties of the two edges (e.g. the presence of
localized modes). In this sense we have a violation of the so-
called bulk-boundary correspondence, at the base of the TWC
in the SR limit.
The picture defined above seems not to match entirely with
the discussion done in the previous Sections on the LR paired
Kitaev chain. Indeed there the appearance of massive edge
states (with mass m), below α = 1 and for µ < 1, has been
found to parallel a nonvanishing Berry phase calculated in the
bulk and a consequent a nontrivial LR topology. However,
in this situation, in spite of the double edge localization of
the first Bogoliubov wavefunction (with positive energy) |m〉,
no real distinction between left and right edge modes can be
made, oppositely to the SR limit. Roughly speaking, below
α = 1 the two edges are so correlated each others and with
the bulk, that a rigorous definition of localized modes on each
of them, distinguished from the bulk dynamical excitations, is
not allowed any longer, not even in the thermodynamic limit.
Such an important correlation is testified by the algebraic de-
cay tails of the edge wavefunctions, strongly dominating at
α . 1 [28, 29]. In turn, the relevant overlap of the latter tails
can justify an hybridization mechanism of the SR Majorana
modes [29, 43], responsible for the appearance of the massive
edge states |m〉, in analogy with the situation occurring at fi-
nite sizes in the SR limit [46].
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The described situation, apparently peculiar of the LR quan-
tum systems, can be quoted as weakened bulk-boundary cor-
respondence. More in detail, this definition denotes the situa-
tion where a nontrivial LR topology still reflects on the pres-
ence of states localized on the edges, but these states have
a nonzero mass and consequently a dynamics not separable
from the bulk one (in the sense that no modes localized on a
single edge can be defined from these bulk states), as happens
instead in the short-range limit.
Exploiting the Bogoliubov construction of the bulk states
and reviewing the standard construction of the edge modes
above α = 1 [81], in the Appendix D we show the correctness
of the picture described above. We argue in particular that the
nonzero mass for |m〉 at α < 1 corresponds to the impossi-
bility of defining, from |m〉, two states localized separately
on the left-hand and the right-hand edges. The same result
implies in itself the inapplicability, for our LR models, of the
edge characterization in [64] and of the bulk-boundary cor-
respondence valid for SR systems, in favour of the described
weakened version.
We conclude the present Subsection noticing that the im-
portant correlations between edge and bulk dynamics, re-
sulting in the nonvanishing mass m for the analyzed one-
dimensional examples, could indicate the absence of edge
conductivity for LR topological insulators and superconduc-
tors with dimensionality bigger than 1, where long-range cor-
relations (as in the α → 0 and mean field limits) are even
enhanced. In our opinion, it is highly worthy to probe this
conjecture in future investigations.
VII. STABILITY OF THE LR PHASES AGAINST LOCAL
DISORDER
In this Section we investigate the stability of the LR phases
for α < 1 of the Hamiltonian in Eq. (1) against local disorder.
The present specific study can be easily generalized to other
LR non interacting models, also in higher dimensions.
We inferred in Section IV the inapplicability of the σ-model
construction, valid for SR systems, in LR free models at small
enough α, due to a type of divergence in their energy spectrum
at some momenta. The same construction encodes the effect
of a local disorder and it allows to derive directly the TWC
(see e.g. [5]).
This result is someway counterintuitive, since disorder could
be expected instead to smear and/or localize the divergences
in the spectrum (and also the ones in its higher order deriva-
tives), spoiling all the LR features.
In this Subsection we infer that this possibility can be ruled
out, at least for free one-dimensional LR models, like those
in Eqs. (1) and (3), elaborating the results got in a previous
study about the effect of local disorder on a spinless fermionic
chain with LR hopping, performed in [82].
We assume to add to the Hamiltonian in Eq. (1) a onsite en-
ergy term
∑
i i a
†
iai, i being randomly distributed in an in-
terval
[− η2 , η2 ], so that the standard deviation is σ ∝ η.
In momentum space the effect of the disorder Hamiltonian
term HD is to mix the quasiparticles of the clean system
(HD = 0), possibly resulting in a localization of them in a
restricted region of the entire system. However, this mecha-
nism is efficient for the singular states only if the magnitude
of the disorder mD ∼ σL1/2 ∼ ηL1/2 is at least comparable
with the distance between the energy levels close to the sin-
gularity, k ≈ k0 (in our case k ≈ pi), δλ ∼ ηL(α−1) , as shown
rigorously in [82]. From the two scaling laws for mD and δλ,
we expect that, for α < 32 , localization of the singular states
does not occur, therefore the typical disorder as in Eq. (C2)
should not spoil the LR phases below α = 1.
On the contrary, the states far from k = k0, instead, can be
generally localized by HD [82]. For this reason the disorder
can even highlight the role played by the singular states.
VIII. SIMILAR ENTANGLEMENT BEHAVIOUR IN THE
LONG-RANGE ISING MODEL
In the previous Sections we argued that in gapped non-
interacting fermionic systems the appearance of the area-law
violation for the entropy and the peculiar behaviour of the ES
signal new purely LR phases, induced by singular dynamics.
We would like to probe now this picture on other LR systems,
for instance spin models or interacting fermionic systems. For
this reason, in this Section we consider another paradigmatic
LR system, the LR Ising model, recently studied both theoreti-
cally [29, 31, 38] and experimentally [44, 45]. After recalling,
in Subsection VIII A, the main features of the model, in Sub-
section VIII B we discuss the behaviour of the ES, focusing
on the regime α < 1, which is the main result of the present
Section.
A. Phase diagram and ground-state properties
The Hamiltonian of the LR Ising antiferromagnetic chain
reads:
HLRI = sin θ
L−1∑
i=1
L−i∑
`=1
1
`α
σ
(x)
i σ
(x)
i+` + cos θ
L∑
i=1
σ
(z)
i . (21)
Recently this Hamiltonian has been simulated experimentally
by atoms in a cavity, with an exponent tunable in the range
α . 3 [44, 45, 83].
Studying by DMRG calculations the Von Neumann entropy
and the energy spectrum of the model described by Eq. (21),
in the range of parameters 0 < θ < pi2 (for
pi
2 < θ < pi
the phase diagram is mirrored) and 0 < α < ∞, it has been
shown [31] that a quantum phase transition separating the an-
tiferromagnetic and the paramagnetic phases survives for all
finite α & 1.
At variance, below this approximate threshold, a new phase
arises on the paramagnetic side, bounded from above by a
transition with non vanishing mass gap and preserved spin-
flip (along xˆ axis) Z2 symmetry (a unique ground-state ap-
pears in the DMRG spectrum). Correspondingly a logarith-
mic violation of the area-law for the Von Neumann entropy
has been found [29, 31]. In spite of the limited sizes achieved
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FIG. 4. Phase diagram of the LR Ising model in Eq. (21), derived
analyzing the area-law deviation for the Von Neumann entropy. We
report in particular the quantity ceff defined in Eq. (6). The purple
semi-line is critical, there the mass gap vanishes. The narrow zone
close to the line θ = 0 is left white since not investigated, due to
a DMRG instability. The antiferromagnetic and the paramagnetic
phases at α > 1 are denoted by the symbols AM and PM1 respec-
tively, while the LR phase on the paramagnetic side at α < 1 is
quoted as PM2. A similar phase diagram has been originally derived
in [29].
by DMRG (L < 150), in [31] the same violation has been
probed also by finite size scaling, showing that it is not origi-
nated from finite size effects.
Notably an exact calculation in the limit α → 0 and θ →
0, pi allows to conclude that the ground state energy of the LR
Ising chain is extensive in the LR paramagnetic phase [84], so
that no Kac rescaling [12] is required to define rigorously the
thermodynamic limit. The same conclusion can be achieved
by the study of the Lipkin-Meshkov-Glick (LMG) model [85],
coinciding with the LR Ising model when α→ 0.
The phase diagram for the LR Ising model is depicted in
Fig. 4, where the critical semi-line is reported, as well as the
violation of the area-law. Similarly to the LR Kitaev chains, a
dynamics of singular states has been recently shown [38], re-
sponsible for the breakdown of the conformal invariance along
the antiferromagnetic-paramagnetic quantum phase transition
at small enough α (from a critical α whose value is in the
range 1 ≤ α ≤ 2 [29, 31]).
The LR Ising model, Eq. (21), can be mapped by means of
a Jordan-Wigner transformation to an interacting LR interact-
ing fermionic chain [29, 86]. The regime of the latter Hamil-
tonian at α . 1 corresponding to the paramagnetic one for the
LR Ising chain is characterized by the appearance of massive
edge states, similar to the ones found for the LR paired Kitaev
chain. This facts parallels and confirms the existence of a new
phase for the LR Ising model at α < 1.
B. Entanglement spectrum and inapplicability of MPS-based
bulk-boundary classifications
In this Subsection we study the ES for the LR Ising chain
after an half-chain cut and we compare it with the results in
the SR limit. We also assume open boundary conditions.
Exploiting a MPS based boundary operator approach, sim-
ilar to the one discussed in Section VI for the BDI one-
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FIG. 5. Upper panel: distribution of the ES (Schmidt eigenvalues)
for the LR Ising chain with L = 100, in the point belonging to the
LR phase at θ = α = 0.2. Lower panel: behaviour of the Schmidt
gap ∆ω as a function of α and for different θ. Notice that ∆ω is
always nonvanishing along the line θ = 0.2, since the same line
never enters in the paramagnetic side where the LR phase occurs.
Moreover, approaching θ = 0, ∆ω increases, as expected.
dimensional Hamiltonians, in [78] it was shown that for a
purely Z2 symmetric and SR spin chain only two discon-
nected phases with preserved Z2 spin-flip symmetry can be
found, having the ES contents qualitatively equal to the two
phases of the SR Ising Hamiltonian [58] [87]) or the open
SR Kitaev chain (see Section VI). More in detail, the ordered
phase displays a distribution for the ES in the form of Schmidt
multiplets with even degeneracy, while the disordered phase
has no constraint on the ES distribution, in particular the min-
imum multiplet degeneracy is equal to 1.
We check now if and to what extent the picture described
above for the SR quantum Ising chain still remains valid in
the presence of LR Hamiltonian terms.
We find that the distribution for the ES, typical of the SR
disordered phase, occurs also in the LR phase below α = 1
on the paramagnetic side, as visible in Fig. 5. In particular,
in the lower panel, we display the behaviour of the Schmidt
gap (as defined in Section III) ∆ω for L = 100 and different
values of α, finding a non closure for it if α < 1, up to finite-
size effects. We also see that ∆ω at α→ 0 increases as θ gets
closer to 0 and the LR phase gets far from its bound with the
anti-ferromagnetic phase.
For this reason, similarly to the LR Kitaev chains, we find
that the ES distribution found in the LR phase for α . 1 es-
capes the SR classification [78]: indeed again we find, a sec-
ond (LR) phase with realized Z2 spin flip symmetry and no
constraint on the Schmidt multiplets. This behaviour remains
up to the LMG limit obtained for α→ 0. Since the main steps
in the discussion of [78] follow the same logic as in [64], from
Section VI we can conclude that the reason of this deviation is
again the violation (even if only logarithmic) of the area-law
for the Von Neumann entropy and the related effective diver-
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gence of the correlation length, which spoil the MPS-based
edge operator approaches.
IX. CONCLUSIONS
In this paper we investigated the emergence of new types
of bulk insulators and superconductors in the presence of
long-range Hamiltonian terms, not included in the classifica-
tion of the short-range topological insulators and supercon-
ductors, the so-called ”ten-fold way classification”. The rea-
sons of these deviations are analyzed, first studying specific
one-dimensional examples, later on focusing on the general
structure, in any dimension, of long-range non interacting
fermionic Hamiltonians.
The new phases are found originated from a particular type
of divergences occurring in the thermodynamic limit due to
the long-range couplings: if the latter ones are important
enough, the same divergencies spoil some continuity hypoth-
esis (mainly on the bulk energy spectrum) at the basis of the
ten-fold way classification, determining its breakdown. Re-
lated to this fact, a topology can be still defined, at least for
one dimensional systems, by winding numbers or Berry phase
approaches, provided a proper identification of the long-range
contributions to these numbers and consequently of the topo-
logically trivial phases.
From a many body point of view, the central ingredient for
the appearance of purely long-range insulating or supercon-
ducting phases seems to be the violation of the area-law for
the Von Neumann entropy in gapped regimes. Notably a log-
arithmic (soft) violation is suggested already sufficient for the
one-dimensional cases considered in this paper. In these mod-
els, the emergence of the long-range regimes deeply reflects
also on the behaviour of another entanglement indicator, the
entanglement spectrum, whose analysis also allowed us to re-
consider critically the link between bulk and edge dynamics.
Moreover, also in the light of the hybrid (exponential plus al-
gebraic) decay behaviour found previously for the static cor-
relation functions, the area-law violation induced to re-discuss
the concept of correlation length in long-range systems.
The stability of the long-range phases against finite-size ef-
fects and local disorder is also discussed, showing notably that
current trapped ion techniques should be already able to reach
sufficient system sizes to guarantee the observation of the de-
scribed LR effects. Moreover we find notably that disorder
can even strengthen the effects of the long-range Hamiltonian
terms, instead of smearing them, as it could be naively ex-
pected.
Concerning the edge properties of the purely long-range
phases, the analysis of the entanglement spectrum strongly
suggested the partial loss of validity, at least in one-
dimension, of the bulk-edge correspondence, valid instead for
short-range topological insulators and superconductors, due
to the strong correlations between bulk and edges dynamics.
However, the parallelism between the appearance of massive
edge states and of nontrivial Berry phases and winding num-
bers (although defined with particular caveats, such to identity
properly the long-range contributions) suggested the emer-
gence of a weakened form of bulk-boundary correspondence,
peculiar of long-range quantum systems: there a nontrivial
topology still reflects in the presence of states localized on
the edges, but these states have a nonzero mass and conse-
quently a dynamics not separable from that of the bulk (in the
sense that no modes localized on a single edge can be defined
from these bulk states), as it happens instead in the short-range
limit.
Finally, the possible extension of some results and ideas for
the free long-range insulators and superconductors has been
probed on a paradigmatic example of spin model, the long-
range Ising chain, which can be mapped to LR interacting
fermions. Again important deviations from the structure ex-
pected for the short-range spin chains are identified in the
entanglement content; consequently the limitations of bulk-
boundary (tensor-network based) approaches to classify long-
range spin models is also discussed.
Natural developments of the present work are: i) the iden-
tification and classification of possible long-range topological
phases for quantum systems with arbitrary dimensionality.
The same phases are expected since long-range Hamiltonian
terms are able to induce (second-type) divergences in the
quasiparticle spectrum no matter the dimensionality of the
system. The analysis of the conditions for the emergence of
massive edge states seems to be a promising approach; ii) the
corresponding investigation of the nature of the edge states
in long-range fermionic systems with dimensionality bigger
than one, in order to probe the weakened bulk-boundary
correspondence (also following the logic in [88, 89]). In-
terestingly from the experimental and technological points
of view, this issue also concerns the possible absence of
edge conductivity, present instead for short-range topological
insulators and superconductors. First examples have been
recently given in [95, 96]; iii) the generalization to interacting
long-range models, also exploiting entanglement indicators
(for instance, in the short-range limit the entanglement spec-
trum is proved to be effective also in the presence of explicit
interactions [64]); iv) the study of the effects of stronger
deviations from the area-law for the Von Neumann entropy,
for instance assuming a (almost) volume-law scaling, as in
the set of systems investigated in [41]; v) the understanding
of the role of disorder on the singular dynamics in interacting
long-range systems, as for the long-range Ising model. There
effects of many-body localization [90] are expected to play a
relevant role; vi) the identification of a general scheme for the
experimental detection of the long-range phases, for instance
based on direct measurements of the entanglement or of some
topological invariants, e.g. by imaging techniques; vii) the
study of the stability of long-range (topological) phases at
finite temperature.
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Appendix A: Long-range paired Kitaev chain
In [28, 37, 38] a quadratic quantum model involving spin-
less fermions on a one-dimensional lattice have been studies
extensively. This is characterized by a long-range (LR) pair-
ing:
Hlat = −w
L∑
j=1
(
a†jaj+1 + h.c.
)
− µ
L∑
j=1
(
nj − 1
2
)
+
∆
2
L∑
j=1
L−1∑
`=1
d−α`
(
ajaj+` + a
†
j+`a
†
j
)
.
(A1)
For a closed chain, we define in Eq. (A1) d` = ` (d` = L− `)
if ` < L/2 (` > L/2) and we choose anti-periodic boundary
conditions [28].
The spectrum of excitations is obtained via a Bogoliubov
transformation and it is given by
(
ω = ∆2 ≡ 1
)
:
λα(kn) =
√
(µ− cos kn)2 + f2α(kn + pi) . (A2)
In Eq. (A2), kn = −pi + 2pi (n+ 1/2) /L, with 0 ≤ n < L
and fα(k) ≡
∑L−1
l=1 sin(kl)/d
α
` . For sake of simplicity, in
the following the subscript n will be neglected. The func-
tions fα(k) can be also evaluated in the thermodynamic limit,
where they become polylogarithmic functions [97].
The ground-state of Eq. (A1) is given by |GS〉 =∏L/2−1
n=0
(
cos θk − i sin θk a†ka†−k
)
|0〉, with tan(2θk) =
−fα(k+pi)/(µ−cos k); notably it is even under the Z2 parity
symmetry of the fermionic number (see below).
The Hamiltonian in Eq. (A1) is invariant both under time
reversal symmetry and particle-hole symmetries, realized re-
spectively by the anti-unitary transformations UT = K UT
and Uc = K UC , being K the complex-conjugation opera-
tor and U2T = U
2
C = 1. In this way, it belongs to the BDI
symmetry class of the TWC [1–6].
The phase diagram of the Hamiltonian in Eq. (1) is reported
in Fig. 6, plotting the area-law violation for the Von Neumann
entropy, quantified as described in the main text. The critical
(semi)-lines are also drawn.
Further features of the SR limit α→∞ and the LR regime
α ≤ 1 are discussed in more detail in the subsection below.
Known features of the SR limit α→∞
In the SR limit α → ∞ the Hamiltonian in Eq. (A1) re-
duces to the usual Kitave chain [46]. This model hosts two
FIG. 6. Phase diagram of the LR paired Kitaev chain in Eqs. (1)
and (A1), derived analyzing the area-law deviation for the Von Neu-
mann entropy. We report in particular the quantity ceff defined in Eq.
(6). The purple (semi-)lines are critical, there the mass gap vanishes,
moreover ceff = 12 at α > 1 and ceff = 1 at α < 1 [37].
phases [57], characterized respectively by the winding num-
bers w = 0 and w = 1 of the first homotopy class [55, 56] of
the map k → n(k), where n(k) is such that the matrix Hamil-
tonian in momentum space is written as H(k) = |nk| nˆk · ~σ
and nˆk = nk|nk| (see the main text). In the (disordered) phase
with w = 0 a unique ground-state |GS〉, eigenstate of the
Z2 fermionic parity (with even parity), occurs (see e.g. [51]).
This parity is defined in general on the number of fermions
〈Fˆ 〉 = 〈∑Li=1 a†iai〉 in a certain state.
The second (ordered) phase with w = 1 is characterized by
the presence of two Majorana (massless) edge modes at its
ends, exactly due to its nontrivial topology. Thanks to the
presence of the massless edge modes, two ground-states, |GS〉
(defined just above) and |GS〉o, are present in the thermody-
namic limit, having different Z2 fermionic parity. In partic-
ular |GS〉o = η†0 |GS〉 has odd parity; the fermionic operator
η0 = ηL+ i ηR is constructed by the ones related with the two
massless (Majorana) edges modes η{R,L}. The states |GS〉
and |GS〉o are degenerate in energy in the thermodynamic
limit, exactly because the edge modes are massless. How-
ever, no spontaneous symmetry breaking, indicated by a local
order parameter, occurs (see e.g. [51, 64]).
The two phases also correspond, via Jordan-Wigner trans-
formation, with the ones of SR Ising model, discriminated by
(the modulus of) the expectation value of the average longitu-
dinal magnetization |〈σx〉| = liml→∞
√
|〈σ(x)i σ(x)i+l〉|, a local
parameter [81, 98]. In turn this parameter signals the behavior
of the two phases under the Z2 (σx) spin-flip symmetry, in the
two cases realized and spontaneously broken respectively.
The spin-flip Z2 symmetry and the Z2 fermionic parity of the
open SR Kitaev chain are related by the following relation
[51]:
(−1)Fˆ =
L∏
i=1
σ
(x)
i . (A3)
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Appendix B: Finite size stability of the LR phases at α < 1
In the main text we commented that the deviations from
TWC occurring in LR quantum phases of the models in Eqs.
(1) and (3) are due to the action of the singular states at
k = ±pi, where the divergences in the spectrum λ(k) appear
for α < 1. A natural general question at this points is how and
to what extent the possible LR phases escaping the TWC in
the thermodynamic limit can also occur in finite-size LR sys-
tems, where the divergences encoded by the singular states are
smeared. This stability is clear in the analysis of the previous
Sections, where numerical data for finite chains are reported,
however a more formal justification would be desirable. The
same question is also relevant for current experiments on LR
systems, realized by trapped ions arrays, where very limited
sizes (30-40 sites) can be reached (see e.g [44, 45]).
The finite-size stability of the LR phases of the Hamilto-
nian in Eq. (1) can be understood for instance analyzing the
behaviour for different values of L of the quantity
mα(µ) = lim
R→∞
√
detGR,0(α, µ) , (B1)
where
detGR,0(α, µ) = det
[
δR,0 + 2 〈GS|a†Ra†0 + a†Ra0|GS〉
]
.
(B2)
This parameter characterizes when α→∞ the paramagnetic-
(anti-)ferromagnetic quantum phase transition of the SR Ising
model. Indeed in the same limit mα(µ) coincides [81] with
the modulus of the average longitudinal magnetization
|〈σx〉| = lim
l→∞
√
|〈σ(x)i σ(x)i+l〉| (B3)
of the SR Ising model: in particular it has non vanishing val-
ues when |µ| < 1 only. The same identification holds at finite
α, where σ(x)i refer to the nonlocal spin model obtained from
the Hamiltonian in Eq. (A1) by Jordan-Wigner transformation
(see e.g. [77]).
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FIG. 7. Plot of the quantity mα(µ) in Eq. (B1) for the LR paired Ki-
taev chain in Eqs. (1) and (A1). We assumed L = 800 and different
values of µ and α. Notice that if µ > 1, mα(µ) is found vanishing
for every α.
We plot in Fig. 7 the quantity mα(µ) for L = 800,
l = L2 = 400 and different values of µ and α. There mα(µ)
appears to be vanishing approximately above α = 1 (this
threshold being saturated in the limit L → ∞) if |µ| > 1,
as required for the paramagnetic (disordered) phase proper of
the SR limit. On the contrary, at α < 1 it assumes a nonzero
value when also µ < 1, signaling the outcome of the LR phase
with massive edge modes. It is remarkable that, even at finite
L, the zone where mα(µ) 6= 0 coincides within very good
approximation with the zone (at µ < 1) where the violation
of the area-law for the Von Neumann entropy takes place (see
[28] for a comparison). A similar behaviour for the operator
|〈σy〉|, defined in terms of ai as in [81], can be found at µ > 1
and α < 1 [52].
In Fig. 8 we plot insteadmα(µ) at µ = −3.2 and various L
and α. We find that mα(µ) 6= 0 if α . 1 (the extension of the
zone where mα(µ) change value depends on L), suggesting
that the phase with massive edge states survives also in the
presence of important finite-size effects, smearing the singular
states.
Qualitatively the same result is obtained analyzing the mass
of the edge states in the regime |µ| < 1 and varying α around
the line α = 1 [28].
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FIG. 8. Plot of the quantity mα(µ) in Eq. (B1) for µ = −3.2 and
for different values of L and α.
The behaviour of mα(µ) can be understood in a better way
analyzing how the divergences at k = ±pi develop in the ma-
trix Hamiltonian in Eq. (2), in particular from the contribution
due to fα(k). This can be done following the evolution with
L and for different α < 1 of the parameter
A = |fα(
pi
L )− fα( 3piL )|
| cos( piL )− cos( 3piL )|
, (B4)
measuring the ratio between the differences of the functions
fα(k) and cos(k) calculated in the closest point to k = 0
(k = pi, for the shifted value fα(k + pi) appearing in Eq. (2)),
that means k = piL , and in the second closest one, k =
3pi
L .
We see in Fig. 9 that, at fixed L, A rapidly increases as
α decreases from 1 and, even in the most unfavourable case
α → 1, we obtain A = 10 if L ≈ 40. The same threshold
value for A is obtained approximately at L = 20 if α = 0.5.
This behaviour means that for every α < 1 the singularity in
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λ(pi) develops very rapidly with L increasing, making effec-
tive, already at limited sizes, the singular dynamics at the base
of the purely LR phases.
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FIG. 9. Plot of the ratio A in Eq. (B4) for L varying and α = 0.99
(dashed line), α = 0.5 (dotted line), and α = 0.2 (continuous line).
The stability of the phases below α = 1 can be also clari-
fied on the basis of general considerations on the static corre-
lation functions. All these quantities can be constructed from
the two point correlators g1(R) ≡ 〈a†Ra0〉 and g(anom)1 (R) ≡
〈a†Ra†0〉 by Wick’s theorem. Their qualitative behaviour, char-
acterized by the typical separating distance R∗, has been re-
called in Section VI A.
We plot in Fig. 10 (left panel) the behaviour of g1(R),
for µ = −5, α = 1.5 and α = 3, and for various system
sizes L. We see that, decreasing L from L = 300, the alge-
braic tails become shorter and shorter, while the exponential
part remains practically stable, as well as the point R∗ ≈ 20.
Therefore, when L reaches the length L ≈ R∗, the algebraic
tail disappears and only the exponential part remains, as in the
case of SR systems. A qualitatively same behaviour is found
for g(anom)1 (R).
Conversely, decreasing α at fixed L, also R∗ decreases
[28, 29, 37]. In particular, as visible in Fig. 10, R∗ becomes
very small in comparison withL, so that the decay is purely al-
gebraic. The described behaviour holds qualitatively no mat-
ter the values of µ and α and it has been probed also for other
LR models (e.g. the LR Ising model [29]).
From the discussion above, it turns out that the size R∗
gives the natural scale for the appearance of the LR physics.
This means that, when L . R∗, the system, even if described
by an Hamiltonian with LR terms, is practically indistinguish-
able from its SR counterpart and speaking about LR physics
has no meaning in this condition, where A . 1.
The present analysis justifies a´ posteriori the behaviour ob-
served in Fig. 8 for mα(µ), suggesting the stability of the
regime with massive edge states for α < 1, up to very small
sizes L > R∗ → 0.
More in general, we can infer that possible LR phases escap-
ing the TWC remain stable at finite-sizes, in spite of the fact
that the origin of the deviations from TWC, the singular dy-
namics, is mathematically well defined in the thermodynamic
limit only. In this way, the same phases are expected to be
probable in current experiments, where only limited sizes are
reachable.
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FIG. 10. Static correlation functions g1(R) ≡ 〈a†Ra0〉 in log-log
scale for the LR paired Kitaev chain in Eq. (1), for µ = −5, α = 3
(lower lines) and α = 1.5 (higher lines), and different lengths L.
Appendix C: Inapplicability of the σ-model construction
In this Appendix we show the inapplicability, in the pres-
ence of singularities in H(k), of the nonlinear σ-model con-
struction leading to the TWC, at least as derived following
the standard approach [69–74]. Here we briefly sketch that
derivation without entering too much into details and refer-
ring to the cited literature for technicalities.
The starting point is the observation that the metal or the in-
sulating nature of a disordered system is usually described by
the behavior of the disorder averaging of the diffusion propa-
gator [70]
〈GRE+w/2(r, r′)GAE+w/2(r, r′)〉disorder , (C1)
where GR,AE (r, r
′) = 〈r|(E − H ± iη)|r′〉 are the re-
tarded/advanced single particle Green’s functions, η → 0 is a
real infinitesimal value implementing the usual Feynman pre-
scription (see e.g. [100]). The total Hamiltonian H contains
the free part, here denoted as H0, and a disorder term
HD =
∑
i
i a
†
iai . (C2)
The random variable i is supposed to be normally distributed:
P (i) ∝ e−2i /4v . (C3)
Introducing the grassmann variables ψ and ψ¯, one can write
in the Euclidean space
1
E −H ± iη ∝
∫
Dψ¯Dψ ψψ¯ e−S ,
where S0 =
∫
ψ¯(E −H ± iη)ψ is disorder dependent.
In order to evaluate the effect of disorder on a certain observ-
able one should make a stochastic averaging of the quantum
expectation values of this observable evaluated at different
disorder configurations.
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For this purpose, one can resort to the so-called replica method
[70], which allows to perform disorder averaging in terms of
quantum expectation values weighted by a replicated Hamil-
tonian supplemented by a quartic (interaction) term and taking
the zero replica limit. More specifically, the disorder average
of the expectation value 〈O〉 of a generic operator O is given
by
〈O〉 = Tr(ρO)/Z , (C4)
where Z = Tr(ρ) is the partition function and ρ the density
operator which defines the quantum state.
Since the random variables are present both in the numerator
and in the denominator the stochastic averaging is unpracti-
cal. However the great advantage of the replica method is that
it makes possible to describe the average over disorder of the
ratio in the form of the ratio of the averages. Indeed, intro-
ducing n independent replicas of the system, we can formally
write
〈O〉 = lim
n→0
Tr
(
n∏
α=1
ραO1
)
/Zn , (C5)
where O1 means that O acts only on one replicated system.
The price to pay is that the effective action acquires a interact-
ing term among the replicas:
Zn =
∫
Dψ¯Dψ
∫
di P (i) exp
[
− S0 −
∑
α
∑
i
i ψ¯iαψiα
]
=
∫
Dψ¯Dψ exp
[
− S0 + v
∑
α,β
∑
i,j
ψ¯iαψ¯jβψjβψiα
]
,
(C6)
where the sum run over the sites (i, j) and the replica (α, β) in-
deces. By means of the Hubbard-Stratonovich transformation,
we can decouple this so-obtained quartic term, introducing an
auxiliary matrix field Q. We get therefore an effective action,
reading in momentum space:
S =
1
V
1
w
Tr
[
Q2k
]
+ (C7)
+
∑
k,q
Ψ¯k
{
[iη sz + E −H0(k)] δq,0 + iV −1Q−q
}
Ψk+q .
The symbol Ψk denotes a multi-spinor in the replica
space Ψk = (Ψk1,Ψk2...,Ψkn), and in the parti-
cle/hole and retarded/advanced (±) spaces, so that, explic-
itly, Ψ¯kα =
(−ψk↑+, ψ¯k↓+,−ψk↑−, ψ¯k↓−, )α, Ψkα =(
ψ¯k↑+, ψk↓+, ψ¯k↑−, ψk↓−
)t
α
, while sz is the Pauli matrix in
the latter space,w ∝ v−1 proportional to the scattering time at
the Born approximation level, and V the volume of the space.
Let us call G = { [iη sz + E −H0(k)] δq,0 +iV −1Q−q} the
fermionic propagator appearing in Eq. (C7).
Integrating now over the fermionic fields Ψk and Ψ¯k, one gets
an action which depends only on Qk:
S[Q] =
1
V
1
w
Tr
[
Q2k
]− 1
2
Tr lnG−1 . (C8)
where Tr is the trace over all the spaces. After finding the the
saddle point solution Qsp, the quantum fluctuations are such
that Q2r = Q
2
sp, and the action can be written as follows:
S[Q] = S[Qsp]− 1
4
Tr ln(1 +G0W ) , (C9)
where G−10 = (E −H0)2 +Q2sp, and
W = i [Q,H0] = −J · ∇Q , (C10)
where J(k) = ∇kH0(k) is a current vertex operator. In the
consequent gradient expansion we also obtain:
Tr(G0WG0W ) ' Tr(JG0 JG0) Tr(∇Q∇Q) , (C11)
the desired σ-model.
The expansion in Eq. (C11) fails if H0(k) diverges (and it
is not regolarizable without discontinuities, as for the second-
type singularities). In this condition the charge
∫
dkJ(k) also
diverges. For this reason the σ-model characterizing the coset
F cannot be constructed. The present discussion leaves open
the possibility of the inapplicability of the σ-model construc-
tion also when only J(k) diverges.
Appendix D: Structure of the edge states at α < 1
In Section VI C we mentioned for the LR Kitav chains in
the Eqs (1) and (3) the impossibility to identify, in the LR
regimes at α < 1, low-energy states localized separately on
the left-hand and the right-hand edges. This impossibility, di-
rectly encoded on the ES structure analyzed in Sections III and
VI, has been claimed in the same Section VI C to be in a one-
to-one correspondence with the nonvanishing of the masses
for the edge states.
In order to substantiate our thesis, it is useful to start
from the construction of the Bogoliubov states for quadratic
fermionic Hamiltonians. As it happens in the ordered phase
for the open SR Kitaev chain (and for the Hamiltonians in Eqs.
(1) and (3)), the fermionic state |m〉, whose wavefunction is
localized symmetrically at both the edges of the chain, can be
written as [81]
|m〉 = η†m |GS〉 =
L∑
i=1
(
gmi ai + hmi a
†
i
) |GS〉 , (D1)
a similar ansatz holding for the other (bulk) eigenstates of the
Hamiltonians. Notice that, compared to |GS〉, |m〉 differs in
the fermionic number/parity by a unit; this fact is encoded in
the different sign on the two states of the topological pfaffian
invariant discussed in [54].
As suggested by the linearity of the diagonalizing ansatz for
the free Hamiltonians in Eqs. (1) and (3) and following what
done in the SR limit (where m = 0), one could attempt to
decompose the state |m〉, involving symmetrically both the
edges, defining two (right and left) edge operators fR/L as
follows (see e. g. [29, 101]):
ηm =
1√
2
(
fR + e
iφfL
)
(D2)
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(the pre-factor 1√
2
testifying the same weight for the two
edges and φ being a phase constant to be fixed), depend-
ing linearly on ai and a
†
i . If m = 0, the so constructed
operators fR/L (φ = pi2 ), fulfilling the Majorana condition
f†R/L = e
i θR/L fR/L, are related with two wavefunctions lo-
calized separately on each edge.
For the Hamiltonians in Eqs. (1) and (3), the situation is very
different if α < 1. Indeed, since m 6= 0, the operators fR/L
do not fulfill any longer the Majorana condition, as argued in
[29]; for this reason the canonical anti-commutation rules for
ηm, {ηm, η†m} = 1 imply:
{fR, f†R} = {fL, f†L} = 1 . (D3)
In this way, fR/L are usual fermionic operators, able to induce
states
(
as |R/L〉 = f†R/L |GS〉
)
of the Hilbert space for the
considered Hamiltonians. The same possibility does not hold
instead if m = 0, since {fR/L, f†R/L} = {fR/L, fR/L} = 0
and physical states can be constructed only by combinations
of them, as in Eq. (D2) (see for instance [101]). However,
states as |R/L〉 do not belong to the Hilbert space of the
Hamiltonians in Eqs. (1) and (3), suggesting that the con-
struction in Eq. (D2), although formally possible, is not cor-
rect in the absence of the Majorana condition for fR/L, then
if m 6= 0. On the contrary, only the state |m〉, involving both
of the edges, makes sense in this condition.
The other possibility |m〉 = f†R f†L |GS〉 is ruled out by the
linearity of the diagonalization problem for the considered
quadratic Hamiltonians, as well as by the fact that the canoni-
cal anti-commutation rules {ai, a†j} = δij allow cancellations
of ai and a
†
i only pairwise, then a linear ansatz as in Eq.
(D1) cannot be obtained from the quadratic ansatz for |m〉
just above. Finally, nonlocal ansatzs are discarded since the
beginning, in such a way as not to change the locality prop-
erty of the excitations in the bulk/edge spectrum (as done by
the Jordan-Wigner transformation for the Majorana modes in
the SR limit, see e. g. [94]).
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